The issue of finding market clearing prices in markets with non-convexities has had a renewed interest due to the deregulation of the electricity sector. In the day-ahead electricity market, equilibrium prices are calculated based on bids from generators and consumers. In most of the existing markets, several generation technologies are present, some of which have considerable non-convexities, such as capacity limitations and large start up costs. In this paper we present equilibrium prices composed of a commodity price and an uplift charge. The prices are based on the generation of a separating valid inequality that supports the optimal resource allocation. In the case when the sub-problem generated as the integer variables are held fixed to their optimal values possess the integrality property, the generated prices are also supported by non-linear price-functions that are the basis for integer programming duality.
Introduction
A reason for the renewed interest in obtaining market clearing prices in markets with nonconvexities is the deregulation of the electricity markets that has taken place recently. In such markets, the non-convexities arise from start-up and shut-down costs of power plants, and minimum output requirements that must be fulfilled in order to run certain plants (see for instance O'Neill et al. (2001 O'Neill et al. ( , 2002 or Hogan and Ring (2003) ). Moreover, non-convexities in a market with uniform linear prices may contribute to and legitimate strategies like "hockey stick" bidding, which may have considerable redistribution effects (Oren (2003) ). This may also be regarded as an argument in favor of searching for alternative price mechanisms to deal with the underlying complications that severe non-convexities may create in a market.
As so clearly described by Scarf (1994) , "The major problem presented to economic theory in the presence of indivisibilities in production is the impossibility of detecting optimality at the level of the firm, or for the economy as a whole, using the criterion of profitability based on competitive prices." Scarf illustrates the importance of the existence of competitive prices and their use in the economic evaluation of alternatives by considering an economic equilibrium (Walras). It is assumed that the production possibility set exhibits constant returns to scale, so that there is a profit of zero at the equilibrium prices. Moreover, each consumer evaluates personal income at these prices and market demand functions are obtained by the aggregation of individual utility maximizing demands. Since the system is assumed to be in equilibrium, supply equals demand for each of the goods and services in the economy. A new manufacturing technology, that also possesses constant returns to scale, is to be considered, and, the question is if this new activity is to be used at a positive level or not.
In this setting, the answer is simple and straightforward, as formulated in Scarf (1994) : "If the new activity is profitable at the old equilibrium prices, then there is a way to use the activity at a positive level so that with suitable income redistributions, the welfare of every member of society will increase." Furthermore, "if the new activity makes a negative profit at the old equilibrium prices, then there is no way in which it can be used to improve the utility of all consumers, even allowing the most extraordinary scheme for income redistribution." This shows the strength of the pricing test in evaluating alternatives. However, the opportunity of using the pricing test relies on the assumptions made, i.e. that the production possibility set displays constant or decreasing returns to scale. When we on the other hand, have increasing returns to scale the pricing test for optimality might fail, and it is easy to construct examples showing this, for instance by introducing activities with start up costs (a very simple example is provided in O'Neill et al. 2002) . With the lack of a pricing test, Scarf introduces as an alternative a quantity test for optimality.
Over time several suggestions have been made to address the problem of finding prices for problems with non-convexities, especially for the case where the non-convexities are modeled using discrete variables. The objective has been to find dual prices and interpretation of dual prices for integer programming problems and mixed integer programming problems. The decisive work of Gomory and Baumol (1963) is addressing this issue, the ideas presented here has later been used to create a duality theory for integer programming problems. Wolsey (1981) gives a good description of this theory, and shows that in the integer programming case we need to expand our view of prices to price-functions in order to achieve interpretable and computable duals (refer also for instance, Alcaly et al. (1966) , Scarf (1990 ), Williams (1996 ), and Sturmfels (2003 ). However, these dual price-functions are rather complex, and other researchers have suggested approximate alternatives, but none of these suggestions have, to our knowledge, been used successfully to analyze equilibrium prices in market with non-convexities.
Recently, O'Neill et al. (2002) presented an innovative method for calculating discriminatory prices, referred to as IP-prices, based on a reformulation of the non-convex optimization problem. The method assumes that the optimal production plan is known and aims at generating market clearing prices, using a non-linear pricing scheme, pricing commodities, start-ups and capacity. Due to the fact that the commodity prices generated by O'Neill et al.'s procedure may possess some unwanted properties, Hogan and Ring (2003) developed a very interesting minimum uplift payment scheme for markets with non-convexities. Their method is similar in spirit to the pricing rules used in the New York and PJM electricity markets.
However, the minimum uplift pricing rule is just a simple adjustment of linear pricing to a market in which non-convexities are present, and hence, not in line with integer programming duality theory.
In this paper then, we suggest the use of modified IP-prices as equilibrium prices in markets with non-convexities. The prices are derived using a minor modification of the idea of O'Neill et al. and are based on the generation of a valid inequality that supports the optimal solution and can be viewed as an integer programming version of the separating hyperplane that supports the linear price system in the convex case. The modified IP-prices generated, are based on integer programming duality theory, and it can be shown that there exists a nonlinear non-discriminatory price-function, that supports the modified IP-prices.
All three pricing approaches assume that the bidding format is modified in order for the generators to be able to use a multi-part bidding scheme. This is not customary in most of today's existing electricity markets, and the incentive problems that might appear as a result of multi-part bidding protocols, have to be further analyzed.
The paper is organized as follows. In section 2, the non-convex problem at hand is introduced, and the reformulation rendering the IP-prices derived by O'Neill et al. (2002) is presented.
We continue with the partial equilibrium formulation of the problem due to Hogan and Ring (2003) , and present their minimum uplift pricing scheme. In section 3, we present the basis for the modified IP-prices and how they can be calculated. In section 4, we compare the three pricing methods on the modified Scarf example used by Hogan and Ring, and also illustrate the corresponding non-linear price functions for a few levels of demand. Finally, some concluding remarks and issues for future research are presented in section 5.
2.
An Optimization Model for the Unit Commitment and Dispatch Problem Hogan and Ring (2003) present an inter-temporal optimization model for economic unit commitment and dispatch. The model allows consideration of both dynamics, i.e. multiple period issues, and transmission constraints. The model is as follows: 
The model presented is non-convex due to the integer variables used for modeling the fixed start-up costs and the attached minimum and maximum output constraints. Apart from this, the model is a convex mathematical programming problem, in which we have externalities arising from the transmission constraints.
In this paper we will focus on the non-convexities that are present due to the integer variables.
Hence, we will use a single period model without transmission constraints and without losses.
Also the model that we use in this paper, has all demand located at a single location. The effects of multiple periods, transmission constraints and losses on the pricing scheme we suggest, will be the focus of future research.
The Simplified Single-Period Model
In a given period, with demand fixed at d, and no losses, ramping or transmission constraints, the problem studied is:
The simplified model is a least-cost unit commitment and dispatch problem. Our main purpose of studying this simplified model is to present various alternatives for finding equilibrium prices in a market with non-convexities, such as the day-ahead electricity market, in which several different production technologies are present and are competing. The simplified model is of the same type as the allocation model used by Scarf (1994) in his seminal paper on resource allocation and pricing in the presence of non-convexities. Scarf presented, in the absence of usable prices, a quantity test that can be used to verify optimality or as a means to making exchanges that lead to optimality.
Recently, O'Neill et al. (2001) presented an interesting reformulation that generates IP-prices that are interpretable as market clearing prices, and can be viewed as a Walrasian decentralized price-directed equilibrium in the presence of indivisibilities. The reformulation used by O'Neill et al. is accomplished by using knowledge of the optimal solution values for the integer variables, and adding constraints to the model that guarantee that these optimal values are attained. Hence, the procedure and reformulation is not intended to be used in order to calculate the optimal solution, but rather to use the knowledge to obtain interpretable prices that can be used in order to create viable contracts in the market.
O'Neill et al.'s Reformulation
The single-period problem with the integer commitment variables, , fixed at their known optimal values, , is the following:
The reformulated problem is a convex programming problem and has an associated dual problem, with dual variables p,
and j π . O'Neill et al. interpret these dual variables as equilibrium prices, where p is the commodity price, j γ are the capacity prices, and j j β α , , j π are discriminatory uplift prices. Based on this, O'Neill et al. determine a set of market clearing contracts, T, that can be offered from the auctioneer to the market participants, and that are such that they clear the market. They also show that the IP-prices are optimal solutions to the decentralized optimization problems faced by each generator type, and that in the case where the cost functions take the form
functions, each generator's optimal profit is exactly equal to zero.
However, as Hogan and Ring (2003) point out, the market clearing prices, or IP-prices, have some properties that are questionable. First, the commodity IP-prices, p, can be volatile, i.e. a small change in demand can lead to a large change in the IP-commodity price. Secondly, the IP-uplift charges can be positive or negative and also show a volatile behavior. This will be illustrated in the example in section 4. Hogan and Ring then make use of the reformulation of O'Neill et al. and interpret the IP-equilibrium prices as prices generated from a partial equilibrium model. This is done in order to highlight the importance of the IP-uplift payments that is part of the market settlement system.
Hogan and Ring's Partial Equilibrium Formulation
Hogan and Ring's partial equilibrium formulation includes the following problems:
A) The problem faced by the system operator, i.e. the market coordinator:
and integer for all j where p, and are variables. It should be pointed out that the system operator only acts as an intermediary market maker that trades electricity with generators and loads and purchases / sells commitment tickets. The assumption is that the system operator is a fully j g j z regulated monopolist that through the regulation acts as if it was a price taking profit maximizer.
B)
The problem faced by each type of generator:
The problem for each consumer: Hogan and Ring show that these three problems form a partial equilibrium model, in which the set of prices and quantities , constitutes a competitive partial equilibrium. However, the problem faced by the system operator must be reformulated in the same way as is done by O'Neill et al., in order for the set of problems to be well-behaved. I.e.
the system operator's problem is:
The IP-prices and quantities support the competitive partial equilibrium. With the equilibrium profit for the system operator
π , which in the simplified model, with no transmission effects, reduces to the last term. This last term is equal to the net payment to the generators for commitment tickets. From the construct of the revised formulation, including the equality constraints for the integer variables, it is clear that the dual prices j π can be both positive and negative. This also means that the total profit for the system operator can either be positive or negative. Since the prices are equivalent with the IPprices in O'Neill et al.'s model, the partial equilibrium interpretation only serves as a guide to how these equilibrium quantities and prices can be interpreted.
As Hogan and Ring make clear, the net payments for the commitment tickets must be collected in form of fixed charges from consumers and/or producers. They are independent of the level of consumption and found in the partial equilibrium model based on the consumers' ownership shares of the system operator's loss or profit. In the day-ahead electricity market, such fixed transfers are not available within the market designs used. However, there are markets in which net payments are collected in the form of an uplift charge, allocated between consumers according to some a priori allocation rule. Because of the volatility of the IP-prices and the fact that the uplift charge can be both positive and negative, Hogan and Ring suggest the use of minimum uplift payments and resulting equilibrium prices. The basis for this is that they would like the uplift payments to be nonnegative and the commodity prices less volatile.
Hogan and Ring's Minimum Uplift Equilibrium Model
Ring (1995) studied approaches for analyzing deviations from the simple perfectly convex equilibrium model. One such deviation of interest is the non-convexities generated from the need to include integer variables in the model formulation. As an approximation, which is close to the ideal situation in the linear case in which a linear price system suffices, Ring suggests an approach in which the necessary total uplift payment is kept as low as possible.
The minimum uplift equilibrium model is based on the idea that given the optimal solution , define the nonnegative commitment payments in terms of the uplift requirements needed to make committed and uncommitted generators at least indifferent. This means that for a market clearing price, p, the commitment payment to each generator is
where and is the optimal value of the problem * * * * ) (
The minimum uplift paying rule resulting from this is to pay each generator an amount ) ( ), the minimum uplift equilibrium pricing scheme is the commodity price for which the total uplift payment is minimal. As is illustrated in the example in section 4, the minimum uplift pricing scheme yields relatively stable commodity prices as a function of demand however, the uplift payments are rather volatile.
Modified IP-prices
Along with the minimum uplift pricing of Hogan and Ring and the IP-prices suggested by O'Neill et al., we suggest a third alternative. This alternative is more related to the original uplift prices, but yields more stable commodity prices and uplift charges. The modified IP prices are based on the connection between the IP-prices and the dual information generated when Benders decomposition (Benders (1962) ) is used to solve the resource allocation problem.
Benders decomposition is a computational method which is often used to solve models in which a certain set of variables, the complicating variables, are fixed at certain values and the remaining problem and its dual is solved in order to get bounds for the optimal value of the problem and also generate information on how to fix the complicating variables in order to obtain a new solution with a potentially better objective function value. When Benders decomposition is used to solve a nonlinear integer programming problem, as the problem studied in this paper, the problem is partitioned into solving a sequence of "easy" convex optimization problems and their duals, where the complicating integer variables are held fixed. These problems, often called the Benders sub-problems, are generating lower bounds on the optimal objective function value, and yield information that is added to the Benders master problem, a problem involving only the complicating variables. The information generated takes the form of cutting planes.
Here, we are not interested in using Benders decomposition to solve the optimization problem since we assume that we already know the optimal solution. However, 
where are the known optimal values for the integer variables. Here we are using the linear version of the problem in order to simplify. However, the results derived are true also for the case when the production function is a general convex function, although in this case nonlinear programming duality has to be used. 
This inequality is a valid inequality for some problems, whereas for other problems a different set of variables, including both integer-constrained variables and continuous variables, needs to be held fixed in order to generate a supporting valid inequality. From this, it is obvious that the dual information generated in O'Neill et al.'s reformulation and the dual information generated from the Benders sub-problem stated above, is the same.
In linear and convex programming the existence of a linear price vector is based on the use of the Separating Hyperplane Theorem. Based on the convexity assumption, the equilibrium prices are the dual variables or Lagrange multipliers for the market clearing constraints. In the non-convex case it is well known that not every efficient output can be achieved by simple centralized pricing decisions or by linear competitive market prices. If we could find a supporting separating valid inequality that could serve the same purpose as the separating hyperplane in the convex case, we would have a way to construct equilibrium market clearing prices in the non-convex case. However, in order to do so, we need to use a reformulation of the original problem in which the coefficients derived from the Benders sub-problem are coefficients in valid inequality. The problem is that this is not always the case when we fix the integer variables to their optimal values.
Based on this observation, it is easy to see why the IP commodity and uplift prices are volatile. The reason for the volatility comes from the fact that for some problems the coefficients in the Benders cut, derived when the integer variables are held fixed to their optimal values, are in fact coefficients from a separating valid inequality for the mixed integer programming problem studied. Hence, the separating supporting valid inequality is the replacement of the supporting hyperplane that is the basis for linear pricing in the convex case. However, for other problems this is not the case. This means that if we are looking at a class of problems for which a supporting valid inequality only includes integer variables, the IP-prices generated will yield a supporting valid inequality in the sense that the inequality supports the optimal solution and is a separating hyperplane. That is, appending this valid inequality to the original problem does not cut off any other feasible solution.
The original Scarf example, with two production technologies, Smokestack and High-Tech, falls into this class of problems. However, Hogan and Ring's modified Scarf problem does not. Even if the problem under study is not within the class of problems in which a supporting valid inequality only includes integer variables, it might be the case that for certain demand values the coefficients for the integer variables generated from the optimal dual variable values are coefficients for these variables in a supporting valid cutting plane, whereas for other demand values they are not. For problems in this class, the IP-commodity price and IPuplift prices will be volatile.
Hence, in order to derive IP-prices that are supported by a separating valid inequality, it is necessary to regard also some of the continuous variables as complicating variables that are to be held fixed in the reformulated problem. This means that when using the partitioning idea in Benders decomposition in order to calculate the optimal solution, it is clear that only the integer variables are complicating, when "complicating" is interpreted as complicating from a computational point of view. However, when our aim is to generate interpretable prices, another set of variables should be regarded as complicating. We need to find out which variables should be held fixed at their optimal values in order for the Benders cutting plane, derived by solving the Benders sub-problem and it's dual, to be a valid inequality that supports the optimal solution. When these variables are held fixed at their optimal values, this cutting plane will, when added to the problem, generate commodity prices and uplift charges that have the properties we are looking for, i.e. market clearing and non-volatile. We call the prices derived this way the modified IP-prices. In the example presented below, we will show how these prices can be calculated.
If the problem studied is such that the sub-problem generated when the integer variables are held fixed to their optimal values has the integrality property, it is also possible to derive the corresponding nonlinear price function. The existence of such non-linear price functions and how they can be generated can be found in Wolsey (1981) . It should be noted that since we know what we are looking for, i.e. a valid inequality having certain specific coefficients, the generation of the non-linear price function might be easier. Also, we are not searching for a supporting separating inequality that when appended to the original problem yields an integer feasible solution since this is not necessary for our purposes when only interpretable dual information is searched for.
In the general mixed integer case, the approach presented by Wolsey to generate the nonlinear price-function compatible with sub-additive integer programming duality, cannot be used. However, if we can generate a valid inequality that supports the mixed integer optimal solution, the prices derived from the original problem with this valid inequality appended, can be interpreted as equilibrium market clearing prices. It is an interesting research question to find out if it is possible to generate a non-linear price function also for this general case. 
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In table 2 in the appendix the commodity and uplift prices generated from the three approaches discussed in sections 2 and 3 in this 
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Hogan and Ring solve the following problem to calculate minimum-uplift commodity and uplift prices: find commodity price, p, for which the total uplift payment ( ) From the construction, it is clear that the min uplift commodity prices are less volatile as compared with the IP prices. This is seen in figure 4 for the example. However, the min uplift payments are volatile at a low level, which can be seen from figure 5. The reason for requiring production of units of the third type to be held fixed ( ) is that by doing so, the coefficients in the corresponding Benders cut will be coefficients in a valid inequality, a separating hyperplane, that supports the optimal solution for all levels of demand. Hence, by construct the modified IP prices are theoretically consistent with mixed integer programming duality theory. In fact, the inequality is modified IP-price supporting for all values of demand in the range 1-132, except for demands equal to 1, 8 and 13, given that the right hand sides for the demand values 2, 3, 4, 5, 6, 7, 9, 10, 11, and 12 are changed to 8, 12, 16, 20, 24, 23, 31, 35, 39 , and 43, respectively. However, using this alternative supporting valid inequality to generate the prices, leads to an increased volatility in commodity and uplift prices as can be seen in figures 8 and 9 below, for the demand values between 1 and 20. 
Demand
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The modified IP commodity price is stable at the value 2 for demand ranging from 1-13, and then jumps to the value 3 ( figure 6 ). This is when the supporting valid inequality is used for demands 1-13. However, if the alternative is used, the commodity price will be 3 for all demand values ranging from 1-132 except the demands 1, 8
and 13, for which the commodity price is 2. The modified IP-prices are supported by a non-linear price function and hence, are nondiscriminatory. Here, we present the shape of the nonlinear price function for a few demandvalues. The non-linear price function for demand equal to 55 can be derived as follows.
Here (*) denotes the coefficient or right hand side of the constraint with the respective number in the formulation of the original mixed integer program.
For demand equal to 56 the nonlinear price function becomes a little bit more complicated.
The reason for this is that for this demand level we need to use the technology with the high marginal cost. The optimal uplift for the demand equal to 56 is 187, but the procedure used to construct the price function for demand equal to 55 only generate an uplift of 186 for demand equal to 56. Hence, we have still not generated the price supporting valid inequality. In order to illustrate the non-linear price function supporting the demand levels 1-13, we choose to generate the non-linear function supporting the equilibrium for demand equal to 1.
The following three inequalities are easily derived, 1 It should be noted that we do not suggest that the non-linear price function supporting the optimal solution and the modified IP prices should be generated in practical applications.
However, the prices generated using this idea, are due to the existence of a non-linear nondiscriminatory price function, and theoretically sound.
Conclusions and Issues for Future Research
In this paper we have shown that the modified IP-prices yield commodity and uplift charges that have some nice properties. The use of the optimal solution to generate a reformulation that generates a supporting valid inequality to the resource allocation optimization problem is also presented. This means that the modified IP-prices, for problems which can be regarded as pure integer programming problems, are consistent with the basis in integer programming duality. Knowing the coefficients of a supporting valid inequality means that we know that, in this case, there exists a non-discriminatory non-linear price-function that together with the affine capacity and product prices yield equilibrium prices in markets with non-convexities.
Also, knowing the coefficients of the supporting valid inequality makes it easier to construct the non-linear price-function as compared with the case where these coefficients are unknown. Hence, the modified IP-prices have a non-linear non-discriminatory price-function supporting them, and although they seem to be discriminatory, they can also be viewed as a compact representation of the supporting non-linear price-function, and hence, are in fact nondiscriminatory. For the more general mixed integer programming case, the modified IP-prices are supported by a separating valid inequality. However, the existence of a non-linear price function and how it can be generated is in this case more complicated and would be an interesting question for further research.
How the knowledge of the existence of a separating supporting valid inequality that can be used to derive equilibrium prices in markets with non-convexities should be used to support a bidding format and a contract mechanism that are incentive compatible, remains another interesting question for future research. Other research questions that should be addressed, are how elastic demand will effect and can be dealt with in markets with non-convexities, if and how the uplift charges should be collected among the customers, and how this cost allocation should influence the design of market clearing contracts. If it is satisfactory just to have a theoretical foundation for the use of modified IP-prices, or if procedures that actually generates a corresponding non-discriminatory price-function needs to be further investigated
